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Abstract 

We construct a finite subgroup of Brauer-Manin obstruction for detecting tlie exis- 
tence of integral points on integral models of principle homogeneous spaces of multi- 
norm tori. Several explicit examples are provided. 

MSC classification : 11D57, 11E72, 11G35, 11R37, 14F22, 14G25, 20G30 

Keywords : integral point, multi-norm torus, Galois cohomology, Brauer-Manin 
obstruction. 

Introduction 

The integral points on homogeneous spaces of semi-simple and simply connected 
linear algebraic groups of non-compact type were studied by Borovoi and Rudnick in 
[1] and by Colliot-Thelene and the second named author in [3] by using the strong ap- 
proximation theorem and the Brauer-Manin obstruction. Recently, Harari [6] showed 
that the Brauer-Manin obstruction accounts for the nonexistence of integral points. 
Colliot-Thelene noticed that a finite subgroup of the Brauer group is enough to ac- 
count for the nonexistence of integral points. However these results are nonconstruc- 
tive: they do not say which finite subgroup to use. One cannot use these results to 
determine the existence of integral points on the specific equations. It is natural to 
ask if one can explicitly construct such finite subgroups. This paper is also inspired 
by Colliot-Thelene's suggestion of studying Gauss' idea for determining integers rep- 
resented by positive definite binary quadratic forms, which is beautifully explained 
by Cox in [2] , from the point of view of Brauer-Manin obstruction. The advantage of 
using Brauer-Manin obstruction is to provide more perspective. For example, one can 
determine the solvability of the negative Pell equations by using the class field theory 
instead of the continued fractional method (the quadratic Diophantine approxima- 
tion). 

The paper is organized as follows. In Section 1, we'll give an alternative proof of 
the finiteness result for the Brauer-Manin obstruction in spirit of the class groups of 
tori for integral models and explain that there is no finite Brauer-Manin obstruction 
to detect all separated integral models of finite type. In Section 2, we give the explicit 
construction of the finite Brauer-Manin obstruction for 1-dimensional tori which are 
related to the several kinds of the classical binary quadratic Diophantine equations. 
Such classical quadratic Diophantine equations have been studied for a long time by 
the various methods. This construction is the natural extension of Gauss' method for 
determining integers represented by a positive definite integral binary quadratic form 



Date: April 16, 2010. 



1 



2 



DASHENG WEI^ AND FBI XU^'^ 



and one can further determine all integers represented by a given binary inhomoge- 
neous quadratic Diophantine equation. In Section 3, we provide several examples of 
1-dimensional non-split tori where the splitting fields are imaginary quadratic fields. 
In Section 4, some examples of 1-dimensional non-split tori where the splitting fields 
are real quadratic fields are studied. We explain how to determine all integers repre- 
sented by a given indefinite binary quadratic form. In Section 5, we extend the above 
results to the high dimensional muti-norm tori and more general integral models. 

Notation and terminology are standard if not explained. Let _F be a number field, 
Oi? be the ring of integers of F, flp be the set of all primes in F and cx)i;' be the set 
all infinite primes in F. For simplicity, we write p < oop for p G Op \ oop- Let Fp be 
the completion of F at p and 0^^ be the local completion of Of at p for each p S fii?. 
Write = for p e ooi^. We also denote the adele (resp. the idele) of F by 
(resp. Ip) and 

PGCXDF 

Let G be a semi-abelian variety over F and X be a separated o i?-scheme of finite 
type whose generic fiber Xp is a principal homogenous space of G. The obvious 
necessary condition for X(of) 7^ is 

nxK)^0 (0.1) 

which is assumed throughout this paper. The Brauer group Br{Xp) of Xp is defined 
as 

Br{Xp) ^ Hl{Xp,G^) and Bri{Xp) ^ ker[Br{Xp) ^ Br{X)] 

where X — Xp Xp F and F is the algebraic closure of F. Since the image of Br{F) 
induced by the structure morphism lies in Bri{Xp), one defines 

BraiXp) = coker[Br{F) Bri{X)]. 

For any subgroup s of Bra{Xp), one can define the integral Brauer-Manin set with 
respect to s as (see [3]) 

pGOj? pef2F pGf2F 

1. Finite Brauer-Manin obstruction 

In [5], Harari shows whether l^{op) = is detected by Bra{Xp). By a compacity 
argument due to CoUiot-Thelene (see 0, last remark), this is even detected by a finite 
subgroup of Bra{Xp). In order to emphasize the class group of integral model which 
plays important role in this paper, we provide the proof in detail. 

Lemma 1.1. G{Ap)/G{F)G{Foo) is compact. 

Proof. Since G is a semi-abelian variety over F, one has the following exact sequence 

^ G ^ 

over F, where A is an abelian variety over F and T is a torus over F. By the proof 
of Proposition 6.5 in [13j . the induced map 

(f>: GiAp)^A{Ap) 
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is open. This implies that Im{(t)) is closed as well. Since A{Kf) is compact, one has 
Iml4>) is compact. By Theorem 5.2 in [13 , one obtains that T{Kf) /T{F)T{Foo) is 
compact. Therefore one concludes that G{Kp) / G{F)G{Foo) is compact. □ 

Since X is separated over Op, one can view X(oi?p) as an open subset of Xp{F^) 
by the natural map for any p < ooi;'. Since X^? is a principal homogenous space of 
G, one has that G{Fp) acts on Xp{Fp) continuously. 

Definition 1.2. Define 

StabiXiopJ) = {g e G(Fp) : gXiop^) = X{op^)} 

for p < ooi? and 

Stab{X{op^)) = G{Fp) for pe OOP. 

Define 

StabAiX.) = G{Ap) n [ Yl Stab{X{op^))]. 

Define the class group of G with respect to X as G{Ap) /G{F)StabA{X) . 

One has the following basic property of Stab^iX). 
Lemma 1.3. Stab^iX) is an open subgroup ofG{Ap). 

Proof. Since the stabilizer of an open subset is open by the continuous action, one 
obtains that Stab(X{op^)) is an open subgroup of G{Fp) for all p € V,p. 

Let S* be a finite subset of flp containing oop such that G has a model G over 05 
and the morphism G Xp Xp — > Xp can be extended to G x Xg -> X5 where is 
the S'-integers of F and X5 = X X(,^ 05. This implies that 

Stab{X{op^ )) ^ G{op^ ) for aU p S. 

Therefore one concludes that Stab^iX) is an open subgroup of G{Ap). □ 

Corollary 1.4. The class group of G with respect to X is finite. 

Proof. It follows from Lemma [01 and Lemma [1.31 □ 

Now we can prove the following finiteness result by modifying the argument in [6] . 

Theorem 1.5. // the Tate-Shafarevich group ni(^) of the abelian quotient of G is 
finite, there exists a finite subgroup b{X) ofJiiaiXp) such that 

X{op) ^0 if and only if ( [] X{op^ ^ 0. 

Proof. One only needs to show the sufficiency. By Theorem 1.1 in [Sj, there exists a 
finite subgroup foi(X) ofBiaiXp) such that 

Xp{App'-^^^0 if and only if Xp{F)^0. 

Take b{X) D 61 (X). One can assume that Xp{F) ^ 0. Fix P e Xp{F). One 
obtains an isomorphism of varieties (pp : Xp G over F associated with P. This 
isomorphism induces the isomorphism of the Brauer groups (pp : Bra{G) — ?► Bra{Xp). 

Let M = [0 — >■ G] be a 1-motive over F and M* be the dual 1-motive of M in 
sense of [7] ■ By the construction in Section 4 of [5] (see also the proof of Theorem 4 
in [6]), there is a group homomorphism 

£ : H\F,M*) Br aG 
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such that 

^ (ap,Qp)p = (£(«), (Qp))bm (1.6) 

for any a G H^{F,M*) and {Qp)penp G G{Af), where the right hand side is the 
usual Brauer-Manin pairing and the left hand side is given by the local duality 

{;■),■■ H\F„M*)xH''{F„G)^q/Z 

in [7] and 

(G{Fp) ifp<oo 
i/°(Fp, G) - I G(M)/iVc/K(G(C)) if Foe - M 
[l ifFoo = C 

and Qp is the image of Qp in H^{Fp,G) for all p S Qp- 
Let [/cx3p = ripecx^F be a subgroup of G{F^) where 




iVc/K(G(C)) if Fp = R 
G(C) if Fp = C. 



Then 

G(Foo)/t/co, ^ n H"(Fp,G) 

is a finite 2-group. Since the natural surjective homomorphism 

G{Af)/G{F)Uoo, ^ G{Af)/G{F)G{F^) 

is open with a finite kernel, one concludes that G{Ap)/G{F)UooF is compact by 
Lemma 11.11 Moreover the equation (|1.6p is well-defined if 

(Qp)peOF e G(Aj.)/G(F);7ooF 

by Theorem 1.2 in fgl. 

By Lemma Fl. 31 and Corollarv ll.4l one has that G{F)Stabj!i^(X.) /G{F)Uoof is open 
and closed in G{Ap)/G{F)UooF ■ Therefore the complement 

W = {G{F)StabA{X)/G{F)UooFr 

in G{Ap) /G{F)Uoop is open and closed. This implies that W is compact. 

For any x G W, there exists € H^{F, M*) such that the pairing {x,ax) given 
by the local duality is non-zero in Q/Z by Theorem 1.2 in 8^. Since this pairing is 
locally constant, there exists an open subset Vx.a^ C of a; such that 

Q!.x , X ) 7^ for aU ^ e Vx.a^ ■ 

By the compactness of W , one can find a covering 

{Vxi,a^-^ I ■ ■ ■ J Vx^.a^^ } 

of W with finitely many elements. Let 62 (X) be a subgroup of Bra{Xp) generated 
by (f>*p£{axi) for 1 < i < fc. Since Bra{Xp) is torsion, one has that 62(X) is finite. 
Let 6(X) = 6i(X)&2{X) and 

?/A = (yp)pefv e ( n ^K))'^''^- 

pe^F 

Then 4>p{yA) G G{Ap) and 

(^(aa:J,(/)p(?/A))BAf = ((/)p£(a^. ) , yA)sM = for 1 < ?; < fc 
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by the functoriality. By the equation (|1.6I) and the above construction, there are 
g E G{K) and a a G Stabj^CX.) such that 

Mva) ^ g ■ (JA e G{F)Stabi,(X). 

This imphes that 

giP)^a^'iyA)e [] X^)- 

Therefore g{P) G X(of) and the proof is complete. □ 

It should be pointed out that the finite subgroup 6(X) of Bra{Xp) depends on the 
integral model X. In general, there does not exist a universal finite subgroup s of 
Tir aiXp), which can be used to test the existence of the integral points for all integral 
model X of Xi?. 

For example, suppose F = Q and L = Q(^/^). Let 

G = = i?i/Q(G™) = Spec{Q[x, y]/{x^ + - 1)). 

By Hochschild-Serre spectral sequence, one has Bri(XQ) = H'^{Q,Q[Xq]^). Since 

Q[Xq] ^ - X with fL^x + yV^, 
one obtains that Br aiXq) = i/^(Q,/f). Define 

aeGal{L/Q) 

One obtains the exact sequence of GaZ ((Q)/Q)-module 
The Galois cohomology gives 

By Corollary 4.17 in [10], one has H^{Q,Z) = 0. By Shapiro's lemma (see (1.6.4) 
Proposition [TTj), the corestriction map 

corL/q: H\L,fl)^H\Q,fl) (1.7) 

is surjective. Since Gal{Q/L) acts on ff trivially, one gets 

6 : Hom{Gal{Q/L),Q/Z) - H^L, ff) (1.8) 

by using the exact sequence 

— >Z — >Q — > Q/Z — > 0. 

For any finite subgroup s of Jir a{Xp), there exists a finite subgroup 

S C Hom{Gal{Q/L),Q/Z) such that cor^/Q o S{S) = s. 

By the class field theory, there are a finite abelian extension Ks / L such that 

S = {xe Hom{Gam/L), Q/Z) : xlcam/Ks) = U 

and an open subgroup U oHl with 

^s- U/L^'U^GaliKs/L) 
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via the Artin map. Let I be an odd prime such that the invertible elements in the 
^-adic completion of Ol are contained in U. Define X by the equations 

jx^ + = 1 
]^x-l + Pz = 0. 

By Hensel's lemma, there is yo S Z/ such that (1 — l)'^ + 2yo + l^Vo = 0. Choose the 
local solution (sp)p £ Up^^ X(Zp) by 



Sp — {xp, Dp, Zp) 

Since 

fL{{xp,yp,Zp)) 



{xp + ypy/^, Xp - ypV^) if p splits in 
Xp + yp %/— 1 otherwise 



for all primes p including oo, one has /l((sp)p) G U. For any /3 G s, there is x S S* 
such that /3 = cor^/Q o By (8.1.4) Proposition and (7.1.4) Corollary in JJ^, one 
has 

irivp{l3{sp)) = ^ inv^{5{x){sp)). 
p<oo peo_L 

By (8.1.11) Proposition in [11], one concludes that 

^ inv^{5{x){sp)) = x(V's(/l((sp)p)) = 0. 

This implies that 

( n x(Zp))^ 

p<oo 

However, it is clear that X(Z) = 0. 



2. Binary quadratic Diophantine equations 

In this section, we explicitly construct such finite Brauer-Manin obstruction for an 
i?-scheme X defined by the equation 

ax^ + bxy + cy^ + ex + fy + g = 

with a,b,c,e,f,g G Of and -d = b'^ - Aac e . By ([OA]) . Xf{F) 7^ by the Basse 
principle. 

Let be a 2-dimensional non-degenerated quadratic space over F with the asso- 
ciated symmetric bilinear map B : V x V ^ F satisfying 

V ~ Fvi + Fv2 with B{vi,vi) = a, B{v2;V2) — c and B{vi,V2) = —b 

and the corresponding special orthogonal group 

SO{V) = {(T e GL{V) : B{av, aw) = B{v, w) for all v,w £ V}. 

Let 504(1^) and GLp^{V) be the adelic groups of SO{V) and GL{V) respectively. 

An F-lattice L in F is defined as a finitely generated F-module satisfying FL = V 
and Lp is the local completion of L inside the local completion of at p for p < 00 p 
and Lp = VJ, for p G oop . 
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Lemma 2.1. Let L be an Op-lattice in V and uq G V. For any {o'p)penF G GL^(V), 
there is a unique Op -lattice L' in V and Uq G unique up to elements in L' such that 

Lp + UO = (Jp{Lp + Uq) 

for all p < oo p. 

Proof. By 81:14 of [T^], there is an OiJ'-lattice L' of V such that L'^ = apLp for all 
p < oop. By the strong approximation theorem for Ga, there is Uq ^ ^ such that 

GpUQ - Mo e 

for a\\ p < oop- Therefore 

L'p+u'q= + CTpWo — CTpLp + dp Mo — 0-p{Lp + Uq) 

for aU p < cx)i? as required. 

Suppose there is an o i?-lattice M in V and xq € V such that 

XQ + Mp = Uq + Lp 

for all p < oop. This implies that Mp = Lp and xq — u'^ E L'^ for all p < oop. 
Therefore M ~ L' and — Mq G L' and the uniqueness follows. □ 

By Lemma [2TT1 one can define the action of GLi^{V) on L + mq. 

Definition 2.2. Let L he an Op-lattice and uq G V. 

The orbit of{L + UQ) under the action of SOa(V) denoted by gen{L + UQ) is defined 
as the genus of {L + uq). 

The orbit of{L + uo) under the action of SO{V) denoted by cls{L + uq) is defined 
as the class of {L + uq). 

Set 

SO{L + Mo) = {<Je SO{V) : a{L + mq) = {L + mq)} 

and 

SOk{L + Mo) = {a e ^OaC^^) : <y{L + mq) = (L + mq)} 

and 

SO{Lp + Mo) - {ct e SO{Vp) : a{Lp + mq) = (Lp + mo)} 
for any p < cop. 

When Mo G Lp, then Lp + mq = Lp and it is well-known that SO{Lp) is an open 
compact group in p-adic topology for any p < oop. 

Lemma 2.3. S'0(Lp+Mo) is an open compact subgroup of SO{Lp) in p-adic topology 
for any p < oop. 

Proof. Since SO{Vp) acts continuously on Vp in p-adic topology and the stabilizer of 
an open set is open, one concludes that SO{Lp + uq) is open. 

For any a € SO{Lp + uq), one has uuq — mq G Lp and crLp C Lp. One concludes 
that SO{Lp + Mo) is a closed subgroup of S'O(Lp). Since S'O(Lp) is compact, one 
obtains that SO{Lp + mo) is compact. □ 

Corollary 2.4. The number of classes in gen(L + uq) is finite. 

Proof. Since mo G Lp for almost all p < oop, one concludes that 

[50a(L) : 50a(L + mo)] < oo 

by Lemma l2.3l Since the number of classes in gen{L) which is given by index 

[SOa{V) : SOiV)SOAiL)] 
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is finite (see 103:4 of ^I2j), one concludes the number of classes in gen{L + UQ) is given 

by 

[SOa{V) : SO{V)SOa{L + uo)] 
which is finite. □ 

Corollary 2.5. SO{L + uq) is a subgroup of SO{L) with finite index. 

Proof The result follows from SO{L + ua) = SO{V) (1 SOa{L + uq). □ 

To apply the above argument to our X in this section, we choose 

L ~ OpVi + 0fV2 and uq = d^^{bf — 2ce)vi + d^^{be — 2af )v2 € V. 

Since Xp{F) ^ 0, one fixes a rational point P in Xp(F) from now on, which gives 
Xq &V such that 

B(xo,xo) = B{uo,uo) - g. 

Split Cases, -d = b^ - Aac e{F'^ f. 
Identify 

SO{V) ^ G„,{F) ^ F"" and SO{V^) ^ <G„^{F^) ^ F^ 

for all p G r^F- Then SOt^{L + uq) is an open subgroup of 1^?. Since Xp = Gm 
induced by the fixed rational point P, one has the bijection 

X(of) = {oe SO{V) : xo e a{L + uo)} 

and 

X(ofJ - {a e SOiV,) : xo G a{L,+uo)} 

for all p < oop by the Witt theorem (42:16 and 42:17 of [12]). These bijections give 
the injection 

fp: l[X{op^)^lp. 

Theorem 2.6. 

X(of)^0 if and only if [] X(ofJ] n [F>< 50a(L + ?/o)] ^ 0. 

Proof. Since X is separated over o_f, one has X(oi?) C X(oFp) for all p G ilp and 

X(0;^)C H X(Of^J 

by the diagonal map. If X(of) 0, then 

fp[ n X(oi.J]n[FX50A(i + uo)] 3/F[X(oj.)]nFX ^0 

and the necessity follows. 

Conversely, there is yA G DpeOf ^("^'p ) ^^^^ ^^^^ fpiVA) e F"" SOa{L + uq). 
There are g G SO{V) and cta G SOa{L + uq) such that yA = Q(ta{P)- This implies 
that 

g{P)^a-/{yA)e n ^(o^^J. 

pefif 

Therefore p(P) G X(of) and the proof is complete. □ 
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By the class field theory, there is a finite abelian extension Fl+uq/P such that the 
Artin map gives the isomorphism 

i^F^^^jF ■■ If/F''SOk{L + u^) ^ Gal{FL+ujF) (2.7) 
Corollary 2.8. With the notation as above, X(Oi?) 7^ 9 if and only if there is 
XAe Y]_ ^i'^F^) such that ipp^^^^/p{fF{xA)) = I 

m Gal{FL+ujF). 

Proof. This is Theorem 12.61 in term of Artin symbols. □ 

One can interpret Theorem l2. Gl and Corollarv l2.8l in terms of integral Brauer-Manin 
obstruction. Indeed, since Xp = induced by the fixed rational point P, one has 
PiciXp) = and the Gaj(F/i^)-module isomorphism f'[A]^ 9i F"" x Z where F[X] 
is the global sections of X. By Hochschild-Serre spectral sequence (see Theorem 2.20 
of Chapter III in j9j) in etale cohomology 

HP{F,H''{X,G^)) ^ HP+^{Xf,<G^), 

one obtains the injection 

?7 : H'^{F,F[Xy) Br{F) x H^{F,Z) ^ BriXp). 

Applying Galois cohomology with the trivial action over 

— >Z — >Q — > Q/Z — > 0, 

one obtains 

,5: Hom{Gal{FL+uo/F),Qm = H^Gal{FL+uo/F),Z) (2.9) 
which is finite. Moreover the inflation map 

t: H^Gal{FL+ujF),Z)^ H^F,Z) 

is injective. 
Corollary 2.10. Let 

biL + uo)=rjoLo 5[Hom{Gal{FL+uol F)MI'^\- 

Then 

X(oi.)7^0 if and only if [ J| X(oi.J]''(^+"« V 0- 

Proof. The necessity follows from the class field theory and one only needs to show 
the sufficiency. Let {x^\en^ £ [ripeo^ X(ofJ]''(^+"°^. Then 

^ invp{T] o L o S{x){xp)) = 
p 

for any x G Hom{Gal{FL+uo/ F), Q/Z), where p runs over all primes of F. By (8.1.11) 
Proposition in [11] and ()2.7p . one has 

X{^Fr^ + ^JFifF[ixp)penj.])) = 

forallx e Hom{Gal{FL+uo/F),Q/Z) . This implies that /i=^[(a;p)pejv] e F''SOAiL+ 
Wo). The result follows from Theorem 12.61 □ 
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Non-split Cases. -d = b^ - Aac ^ {F^ 'f. 

Then Xp is a trivial torsor over F under the torus R^^p{Gm) where E = 
Identiiy 

SO{V) = R^E/Fi^rnKF) and 50(Fp) = i?i,/^(G„)(Fp) 
for all p e Qp. Since E is the splitting field of R^^p{Grn), the generator of the 
characters of R\,^p{Gm) Xf E induces the isomorphism 

Xe ■ Rp/p{Gm) E = Gm,E 

which is fixed from now on. For any F-algebra A, Xp induces the isomorphism 

Xe : i?i;/^(G„)(A) ^ ker[NE/F : 0f A)^ ^ A^] 

of abelian groups by evaluation, where Ne /f is induced by the norm map from E to 
F. In particular 

Xe ■■ SO{V,) = Rl/p{Gm){Fp) - KeT{NE/F ■ E^^F^^) 

is an isomorphism of the topological groups, where Ep = E ^f Fp for any p G Clp- 

Write = Oe <»of Of^ 

Definition 2.11. Let L be an OF-lattice in V and uq G V. An open subgroup S of 
Ie is called {L + uo) -admissible if Xe[SOa{L + uq)] C S and the induced map 

Xe : SOa{V)/SO{V)SOa{L + uq) Ie/E^E 

is injective. 

To show the existence of such admissible open subgroups, we need the following 
two lemmas. 

Lemma 2.12. If Cp is an open subgroup of SO{Vp) and k is a positive integer, then 

XEiCp)-iF^-f 

is an open subgroup of Ep for p-adic topology with p < oop- 

Proof. Since Cp is an open subgroup of SO{Vp), there is a positive integer n such that 
(1 + p"0£j n Xe{SO{Vp)) C Xe{Cp). 

By Hensel's lemma, there is a sufficiently large positive integer m> n such that 

(l + p"0i,jc(l + p"0i,j2fe. 

Lot T be the non-trivial element in Gal{E/F) and x E (1 +p"^OEf)- Then there is 
y e {1 + P^ObJ such that x = y^'' and ry € (1 + p"obJ. Since 

x = y"' = {y{ry)-'r ■ {yiryjf e Xe{Cp) ■ (F^f, 
one concludes that 

{l + P"'OE,)CXE{Cp)-{Fp-)K 

The proof is complete. □ 

Lemma 2.13. Let k be a positive integer. Then there is a finite subset Tq offlp\oop 
such that 

n lYliF^^f''''^ X [] o^J C 

peT P0T 
for any T DTq, where hp is the class number of F. 
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Proof. Since Op/{Op)'^'^ is finite by the Dirichlet unit theorem, there are only finitely 
many cosets ai{Op)'^'' of o]^/(o^)^'^ such that at ^ (Fp^)^*^ for some prime pi < 00^. 
Fix one such prime pi for each ai(Op)'^'^ and define To to be the set consisting of all 
such pi. It is possible that Tq can be empty. 
Let 

aeF>^n[l[{Fp''"^-xl[ol] 

for any finite set T Tq. Since p''^ is a principal ideal, there is vjp E F such that 
p''^ = zupOF for each finite p e T. There is tp e Z for each finite p £ T such that 

peT\ooF 

Then /3{0p)'^'' is not one of the above mentioned cosets 0:^(0^)^'^. This implies that 

aeFXn[ n ^p" X n (n')'']- 

Therefore 

n [nc^^p")'""" X n ^ fx n [ n Fp^ x n {f^^'^]. 

peT p^T peooF pioop 

Let 

xeFXn[ n n (^p')'']- 

pGooF P^oof 

Applying (9.1.3) Theorem in [11 for /i2fe, one obtains that £ {F^)'^'^. There is 
y e F^ such that x = y'^ 01 x = —y*'. 

Suppose X = — y*^. Let k — 2^ki with 2\ki and (,2^+1 be a primitive 2*+^-th roots 
of unity. Then C2S+1 G ^p^ for all p < oof- By the Chebotarev density theorem, 
one concludes that C2=+i G F- Therefore —1 — (C2=+0'^ ^ {F^ Y s-i^d the proof is 
complete. □ 

The proof of Lemma 12.131 also provide the explicit method to determine the set 
To. For example, when F = Q, one has To = {2} or {p} with p = 3 mod 4. The 
following corollary has its own independent interest. 

Corollary 2.14. For any open subgroup S oflp and a positive integer k, there is an 
open subgroup Ek oflp such that (F^ n Sfe) C (F^ n S)''. 

Proof. Let Sp be an open subgroup of Fp for each p £ flp such that HpgnF "^p — 
and Sp = Op^ for almost all p G ^Ip. Let 5*0 be a finite subset of Up such that 
Sp = 0^^ for all p ^ ^o. For each p G 5*0 and a prime divisor q of fc, one defines tp{q) 
to be the maximal positive integer t such that the primitive g*-th roots of unity are 
in Fp. Let 

tp = max{tp(g) : the prime divisor q of k} and r — JJ^ {tp + 1). 

peSo 

Applying Lemma r2.13l for fc''"'"^, one obtains a finite subset Tq oi flp. Let 5 = 5'o UTq 
and defines 

pes p^s 
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For any x G {F^ n Sfe), there is y e such that x = y'^'^^^ by Lemma r2.13l 
Moreover, there is £ Sp such that 



for aU p e 5*. 

If p G 5*0, one has that 

by the maximahty of tp. 
If p ^ 5*0, one has 



x = y'' = Cp 



/■'■=ep'^eSp 



Therefore € (F^ H S) and the proof is complete. □ 
Now we can prove the existence of the admissible subgroups. 

Theorem 2.15. The {L + uq) -admissible subgroups o/Ie always exist. 

Proof. Let 5o be a finite subset of il.p\oop such that 

Xe[SO{Lp + uo)] = ker{NE/F ■ Oe^^o^J 

for every p ^ 5*0. For each p G Sq, one defines tp to be the maximal positive integer t 
such that the primitive 2*-th roots of unity are in Fp . Let 

l^llitp + l) 

pes 

and To as in Lemma [233] for k = 2'+^ and S ^ SqUTq. Put 

S = [[] )^E[SOiLp + uo)] ■ [Fp-f^^'^n X (11 "V 
pes p^s 

where hp is the class number of F. By Lemma I2.12( one has that S is an open 
subgroup of Ib and 

Xe[SOa{L + uo)]CE. 
Suppose a G SOa{V) satisfying Xe(<^) = o,i with a e and i G S. Then 

NE/F{a) eiHiFp^''^''^- xHo^]. 
pes p^s 

By Lemma [2.131 there is m £ F^ such that Ne/f{o) — u^'^^ ■ This implies that 

au-^' e Xe{SO{V)). 
Write i — (ip)peOp and ip = SpUp where 

sp e Xe[SO{Lp + uo)] and Up e {F^f ''''''' 

for pes. Therefore w^'^Vp = 1 for p e 5. 

If p S 5*0, one has that u^'up = 1 by the maximality of <p. 
If p e 5* \ 5*0, one has u'^'rip e ker{NE/F ■ ^Ef^^Fp )- 
One concludes that 

e Xe[SOa{L + Uo)] and a e SO{V)SOa{L + uo). 

The proof is complete. □ 
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The isomorphism Xp = R^^p{Gm) induced by the fixed rational point P produces 
the bijection 

X(of) = {cre SO{V) : Xq E a{L + uq)} 

and 

X(ofJ ^ {a e SO{V^) : xo G a(Lp + wq)} 
for all p < OOF by the Witt theorem (42:16 and 42:17 of (I2j). 

By combining the evaluation of As with the above isomorphism, one can define 

Je ■■ X(A) ^ Xf{A) ^ ^ ker[NE/F ■ {E <E>f ^ 

for any i^-algebra A and 

/b[ n x(ofJ] cif. 

Theorem 2.16. LefE. he an {L + uq)- admissible subgroup o/Ie- Then 
X{of) ^ if and only if /£[ J] X(ofJ] n (E^'E) ^ 0. 

Proof. Since X is separated over Op, one has X(of) ^ ^("Fp) for all p e fi^ and 

X(of)C J] X(ofJ 

by the diagonal map. If X(of) 0, then 

fEiH x(0Fj]n(i?xs)D/s[ n x(0Fj]ni?x D/F[X(0F)]ni?>< ^0 

and the necessity follows. 

Conversely, there is yA S HpenF ^i°Fp) such that fEivA) G -E^S. By Definition 
12.111 there are g S 50 (F) and a a G SOk{L + uq) such that = 6icrA(-P)- This 
implies that 

e{P) = a-/{yA)E n ^("n)- 
perip 

Therefore ^(P) G X(of) and the proof is complete. □ 

Let S be a (L + uo)-a'dmissible subgroup of I^. By the class field theory, there is 
a finite abelian extension K-b,/E such that the Artin map 

i^K^/E- lE/E^'E^GaliKs/E) (2.17) 

gives the isomorphism. 

Corollary 2.18. With the notation as above, X(Oi?) ^ ^ if and only if there is 

XA^W X(o_Fp) such that i>K^/EifE{xA)) ^ 1 
pef2F 

m Gal{Ks/E). 



Proof. This is Theorem [2TT6] in term of Artin symbols. □ 

Remark 2.19. In the proof of necessity of Theorem \ 2. 16\ one does not need that S 
is admissible. Therefore X(oi?) ~ ^ if there is an abelian extension K/E such that 

^K/E{fE{xA)) ^ I for any xaE J|X(ofJ 

PGOf 

where ipK/E is the Artin map. 
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In practice, it may be useful to have the foUowing variant version of Theorem l2.16l 
and Corollary [SIIHl 

Corollary 2.20. Let Si, • • • , be open subgroups ofls such that the group homo- 
morphism induced by Xe 

Xe ■■ SOAiV)/SOiV)SOA{L + uo) (Ib/^^Si) x • • • x (Ib/S^S,) 

is well-defined and injective. 

Let -fCHi, • • • , Ks.^ be abelian extensions of E corresponding to E^'E.i, • • • , E^'E.s 
respectively. 

Then X(Oi?) ^ % if and only if there is xa G IlpeOF "^("^p ) such that every 
/ E{fE{xA)) is trivial for l<i<s. 

Proof. Equivalently, one needs to show that 

x(o^.)^0 ^ /^[n xK)]n[aLi(i?"s,)]^0 

by the class field theory. The injectivity of guarantee that the result follows from 
the exact same argument as that in Theorem 12. 161 □ 

Remark 2.21. For P e Xp{F), there is yo G E'^ given by P such that NE/piVo) = N 
for some N G F^ . Then 

fE[{xp)penF] = Vq^ ■ iyp)penF ^ 

where yp £ E^ is given by Xp with NE/FiVp) — ^ for any {xp)p^nF ^ ^("Fp)- Since 

Vq^ ■ (yp)pGOF e E'^E if and only if {yp)penF E E'^E 

for any open subgroup E oflE, one can define 

fE[{xp)penF] = (yp)penF 

to replace fE in practice. The advantage of fE is that one can ignore the fixed rational 
point. 

Now we can interpret Theorem l2.16l in terms of Braucr-Manin obstruction. Let Xe 
and X be the base change of Xp to E and the algebraic closure F of F respectively. 
Write E[X] and F[X] as the global sections of Xp, Xe and X respectively. 

Proposition 2.22. The natural homomorphisms 

H'^{F,F[Xy) — > BriXp) and H^{E,F[X]'') — > BriXp) 

are isomorphic. 

Proof. We only show the first one is isomorphic and the other one is similar. By 
Hochschild-Serre spectral sequence (see Theorem 2.20 of Chapter III in [9]) in etale 
cohomology 

one obtains 

{PicX)^"^^^/"'^ -> H^{F,F[XY) ^ KeY[Br{XF) Br{X)] H\F,Pic{X)). 

Since X = G„^/p, one has Pic{X) — 0. By Tsen's theorem (see (6.5.5) Corollary 
and (6.5.8) Proposition in [11]) and Corollary 2.6 of Chapter IV in ^9^, one obtains 
Br{X) = 0. The proof is complete. □ 
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The fixed rational point P in Xp{F) gives the isomorphism Xp = R^^p{Grm). By 
applying A^;, one obtains the isomorphism X ^ G,„y/*. This gives the decomposition 
F[X]'^ — X as Galois modules. By Proposition 12.221 one has 

BriXp) = Br{F) x H^{F, fl) and Br{XE) Br{E) x H^{E, /|). 

Let S be an {L + Mo)-admissible subgroup of and Ks/E is a finite abelian 
extension corresponding to i?^S by the class field theory. Since the Galois group 
Gal{E/E) acts on trivially, one has 

H\K^,fl) ^ Hom,ontiGal{E/Ks),Z) = 

and the inflation map 

H'{Gal{K^/E), /|) H^{E, /|) 

is injective by (1.6.6) Proposition in 11 . By the short exact sequence of Gal{Ks/ E)- 
module 

— ^ Z — >Q — > Q/Z — > 
with the trivial action, one obtains 

H^{Gal{KE/E),Q/Z) = Hom{Gal{KE/ E), Q/Z) = H^{Gal{Ks/E), f^) (2.23) 
which is finite. 

Definition 2.24. The image of H'^{Gal{K-B,/ E), f^) under the corestriction map 
H'^{EJe) — > H^{FJ^) is a finite subgroup of BriXp) denoted by b{E). 

One can reformulate Theorem 12. 161 in terms of Brauer-Manin obstruction. 

Corollary 2.25. LefE. be an {L + uq)- admissible subgroup oflp- Then 

X{of) ^ ^/ and only if [ [] X(Of^ )]"(-> ^ 0. 

Proof. The necessity follows from the class field theory and one only needs to show 
the sufficiency. Let 5 be the isomorphism obtained as in (|2.23p 

5 : Hom{Gal{KE/E),Q/Z) ^ H^{Gal{KE/E),Z). 

For any x G Hom{Gal{Ks/ E),Q/Z), the cup product gives 

e = /iJ U Six) e H\Gal{K^/E), /|) and /3 = corE/piO € K^). 

Let (xp)pgny e [IlpGnF ■^("^p)]''^"''' ^i^*^^ the corestriction commutes with the 
evaluation, one has (3{xp) = corE/F^ixp) for all p € flp. Then 

invp{(3{xp)) ^ invp{corE/F^{xp)) =^inv<:(s{fE{xp) U 6{x)) 

by (8.1.4) Proposition and (7.1.4) Corollary in jll^, where *P's are all primes in E 
above p. Since (3 € b{E), one concludes that 

Y^tnv<^{fE{xp)US{x)) =0 

where *P runs over all primes of E. This implies 

x{i'K^/E{fE[{xp)penF])) = 
for all X e Hom{Gal{Ks/E), Q/Z) by (8.1.11) Proposition in [11 and (l2Tf)) . So 
fE[ixp)penA e ^""2. By Theorem [2111 X{of) 0. The proof is complete. □ 
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Finally we have one more remark about the explicit computation. 

Remark 2.26. It is quite useful to know the finite subset SofClp explicitly such that 
invp = outside S for the constructive finite Brauer-Manin obstruction in Corollary 
\2.10\ and Corollary \2.25\ constructed in Theorem \2.15l 

For the split cases, one can choose S containing oop, all dyadic primes of F, all 
finite primes such that xq or uq is not in Lp, all finite primes such that B{xo, Xq) or 
B{uo,uq) is not in Op^ and all primes such that Lp is not unimodular. 

For the non-split cases, besides the above primes of F, one needs to add Tq in 
Lemma \2.13\ as the part of S . 

It should also be pointed out that there is no general theory for constructing Fl+uq 
in {2. ?[ ) and K-b. in {2.11^ explicitly except the cyclotomic field theory over Q and the 
complex multiplication theory of elliptic curves over imaginary quadratic fields. 



3. Examples with imaginary quadratic splitting fields 

In this section, we will provide some explicit examples with imaginary quadratic 
splitting fields over Q to explain how to apply the result in [j2]to obtain the explicit 
conditions for X(Z) 7^ 0. The explicit construction of the abelian extensions of the 
splitting fields with the required property is crucial. For the imaginary quadratic field 
case, such abelian extensions can be given by the complex multiplication of elliptic 
curves in principle (see Theorem 5.5 in |15)). We will keep the same notation as that 
in gl 

The method described in also the natural extension of Gauss' idea for deter- 
mining the integral representation of the positive integers by a positive definite binary 
quadratic form. We explain this point by using one of the typical example + dy^ 
with a positive integer d, which is studied in detail in 2 . Let L = Z + 7L\J —d be an 
order va E = Q(\/^). 

Proposition 3.1. Let X be the scheme defined by x^ + dy^ = n for the positive 
integer n over Z and Kl be the ring class field corresponding to the order L. Then 
X(Z) ^ ^ if and only if there is 

n (^P'^p) ^ n ^(^p) ^^'^^ ^^"^ ^Kl/e{]e[ W {xp,yp)]) = 1 

p<oo p<oo p<oo 

where iPkl/e is the Artin map and 



fE[{xp,yp)] 




—d, Xp — yp\/—d) if p splits in 
d otherwise. 



Proof. Let p be a prime and Lp be the p-adic completion of L inside Ep = E (8)q 
Qp. Since the ring class field Kl of the order L corresponds to the open subgroup 
E^ (np<oo ^p ) ^E by the class field theory, one only needs to show that np<oo ^p 
is a L- admissible subgroup of I_e with = by CoroUarv 12 . 181 and Remark 12.211 
Since xLp = Lp for x S Ep if and only if a; G Lp , one has 

SOiLp) = {aeL; : TV^^/q^H = 1}. 

The natural group homomorphism 

Xe ■■ SOa{V)/SO{V)SOa{L) — > 1e/{E'' [] L^) 

p<oo 
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is well-defined. 

Let a e and i S np<oo such that ai e SOaCV). Then 

NE/Q{ai) = NE/Q,{a)NE/Q{i) = 1. 

Since 

NE/Q{a) e Q n Jl = {±1} and NE/q{a) > 0, 

'p<oo 

one concludes NE/q{a) — NE/qii) — 1- This implies that 

aeSO{V) and i e SOAiL). 
Therefore As is injective and the proof is complete. 



□ 



One can recover the following classical result (see Theorem 9.4 in T) which is 
obvious when L = Z + Z^—d is the ring of integers of E and Ke is the Hilbert class 
field of E. In general, for example d is not square free, one needs to study the class 
groups of orders which are not Dedekind domains (see [5]). 



Corollary 3.2. Let I be an odd prime not dividing d. The equation + dy^ 
solvable over Z if and only if I splits completely in ■ 



I is 



Proof. Let X be the scheme over Z defined by the equation. By a simple computation, 
the local conditions for np<oo ^(^p) 7^ if and only if I splits completely in E and 



-) = 1 

= 1 or d mod 4 
= 1 or d + 1 mod 
= 1 mod 4 
= 1 mod 8 



for each odd prime q\d 
if d is odd 
if d = 2 mod 4 
if d EE 4 mod 8 
if 8 I d. 



First we show that the above local conditions can be obtained when I splits com- 
pletely in Kl. Indeed, for any odd prime q\d, E{^/q*)/ E is unramified for all primes 
except the primes above q, where q* = {-^)q- To verify if ^/q* E Kl, one only needs 
to see if ip{x){y/q*) — y/q* for all x € np<oo -^p ' where ip is the Artin map over E. 
This is equivalent to check if the product of the Hilbert symbols 



T X 

p<CXD 



It is clear that 



where *P runs over all primes of E and x — (a;q}) G Y[ 
{q* , a;q})q} ^ 1 for ^ \ q. Since q \ d, one has 

by a simple computation. This implies that I splits in Q(y^). Therefore 

(y ) = (-) = ! and (-d, O2 = H (-^' Op = 1 

by the quadratic reciprocity law. One gets the local conditions for odd d and d = 2 
mod 4 by (-d, 1)2 = 1. 

If d = 4 mod 8, then Q(-\/— 1) C Kl by the same argument as above. So / = 1 
mod 4. 

If 8 I d, then Q(%/^, V2) C Kl- So I = I mod 8. 
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Let (xp, Up) G X(Zp) for p < oo. Then /^[(xp, Up)] £ for p ^ I. Since / splits in 
by the local conditions and 



(a;; + yiV^)ixi - yiV^) = I, 

one can write £i and £2 as two primes in E above I and assume fE[{xi,yi)] is a prime 
element at and a unit at Es,^. By the class field theory, one concludes that £1 
splits in Kl /E if and only if 

^Ki./EifE[Y[ (.Xp,yp)]) = 1. 

p<.oc 

If I splits completely in Kl/Q, then X(Z) ^ by Proposition O 
Conversely, choose two integral solutions (a;o,j/o) and (xq,— j/o) in X(Z). One 
obtains that both £1 and £2 split in K^/E by the above argument. The proof is 
complete. □ 

We give one more example to explain that the method provided in the previous 
sections is beyond Gauss' method which only applies to the binary quadratic forms. 
For any positive integer n, one can write n = 2^pi'^i • • -Pg*^" and define 

D{n) ^ {pi, ■ ■ ■ ,pg} 
D^^{p^D(n): (_) = -(-) ^ 1} 
~1 2 

D2 ~ {p E>{n) : ( — ) = (-) = 1 and x* = 2 mod p is not solvable}. 
P P 

Example 3.3. Let n be a positive integer with the above notation. Then the equation 

x^ + 64y^ + 64y + 16 = n 

is solvable over Z ij and only if pj = 1 mod 4 for odd ej with 1 < j < 5 and one of 
the following conditions holds 

(1) s = and n = 1 mod 8 and 

Di^% or ^ = 1 mod 2 for Di = 0. 

(2) s = 2 and 2-'^n = 5 mod 8. 

(3) s = 4,5. 

Proof. Let X be the scheme over Z defined by the equation. By a simple computation, 
the necessary and sufficient conditions for 



n ^ 



p<oo 

are pj = 1 mod 4 for odd ej with 1 < j < 5 and 

s = and n = 1 mod 8 
s — 2 and 2^^n = 5 mod 8 
s = 4, 5. 

Let E = and i = Z + Z8V^ be an order in E and uo = 4^^. For 

any prime p, Ep — E <Siq Qp and Lp is the p-adic completion of L inside Ep. Write 
£^00 = Loo = C. Then 

Xe[SOa{L + uo)] C H l; 

p<oo 
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and the induced map 

Xe ■■ SOa{V)/SO{V)SOa{L + uo) ^ I^/i?^ ( R ) 

p<oo 

is injective by the same argument in Proposition 13. II This imphes that Jlp<oo 
{L + uo)-admissible. The abehan extension of E corresponding to i?^ np<oo 
is the ring class field of L. By Proposition 9.5 in ^, Kl ^ E(y^). Then Kl/E is 
unramified at all places except 2 and 2 is totally ramified in K^/Q and Gal{K / E) — 
114 where 114 is the set of all 4-th roots of unity. 

Since p € L2 for any odd prime p, one concludes that 

^ ^ |V'i<'i,/£;(Pq3) if p is inert in £;/Q and <P I p 

1 V'ifi/£;(pqJi)V'Ki./B(P'P2) if P splits into <Pi and ^2 in ^ 



where pqj, ptp^ and p(p2 are in Ie such that their *p, CPi and ^2 components are p and 
the other components are 1 respectively and and tPkl/e is the Artin symbol defined 
in (|2T7ll . 
Define 

fE[{.Xp,yp)] 



(xp + A{2yp + Xp - 4(22/p + if p splits in 

Xp + 4:{2yp + otherwise 



for any {xp,yp) G X(Zp). 
If (p, 2n) = 1, then 

fE[{xp,yp)] e Lp and V'Ki/£;(/E[(2^p, y?)]) = 1, 

where fE[{xp,yp)] is also regarded as an element in I^; such that the components 
above p are given by the value of fE[{xp,yp)] and 1 otherwise. 

If p is inert in E/Q with p e D{n), then ipKL/EifE[{xp, yp)]) = 1 by 

If p splits in i?/Q with p e D{n), then 

-1)^^ iip(zD2 
i^KUE{fE[{xp,yp)]) = <j (-1)°^(±V^)'=^ if p e (3.5) 

otherwise 

by (|3.4p . where 

flj = ordsp^. + 4(22;p^. + l)^/~^) 

with the fixed prime ideal in E above pj S By the Hensel's lemma, there are 
two local solutions {xp. ,ypj) S X(Zp^ ) such that aj = and 1 respectively. Therefore 
one can rewrite p.5p for pj e Di as 

/ ? r/ I ±a/— T e, is odd ,„ 

V'K./ij(/£[(a;p,,2/p,)])- <^^; \ (3.6) 

I ±1 Cj IS even 

where the sign can be chosen as one wishes. 

Suppose s = 4 or 5. Since + {2y + 1)^ = 2~^n is solvable over Z by the above 
local conditions, one concludes that x'^ + 16(2?/ + 1)^ = n is solvable over Z. 

Suppose s = 2. Then the local solution {x2,y2) G ^{'^2) satisfies X2 = 2 mod 4. 
Let V be the unique place of E over 2. Since 

(2, X2 + 4(2?/2 + 1) V^). = (2, 2), • (2, 2-^X2 + 2{2y2 + l)V^)v = (2, 5)2 = -1 
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by (1.5.3) Proposition and (7.1.4) Corollary in [TT], this implies that 

Since 2^^n = 5 mod 8, the number of primes pj in Di with odd is odd. Therefore 
there are even number of local primes p such that 

i^KL/E{fE[{Xp,yp)]) = ±^/^ 

by the above computation and (13. 6p . By choosing the sign properly, one concludes 
that there is 

n i^p^Vp) ^ n ^(^p) such that ipKL/EifEi Yi ixp,yp)]) = 1. 

p<oo p<.oo p<.oo 

Therefore X(Z) 7^ by Corollary [gUll 

Suppose s = 0. Then the local solution {x2,V2) G X(Z2) satisfies X2 = 1 mod 2. 
Let V be the unique place of E over 2. Since 

fE[{x2.y2)] = 2:2 + 4(22/2 + 1)V^ = a;2 + 4V^ = 1 + 4\/^ mod L2^ , 

and (1 + e with (1 + 4y^)(l - 4^/^) = 17, one concludes that 

i'KL/E{fE[{x2,y2)\) is equal to the Frobenius of a prime above 17 in Gal^K^/ E) 
which is —1. 

If Di 7^ 0, one has that either all Cj for pj G Di are even or the number of primes 
Pj in Di with odd ej is even by using n = 1 mod 8. By p.6p and choosing the sign 
properly, there is 

J]^ (a:;p,yp) e X(Zp) such that V'ifi,/s(/£;[ J]^ (^^p, y^)]) = 1- 

p<cxD P:^cxd p<oo 

Therefore X(Z) 7^ by CoroUaryEH 
If Di = 0, then 

i^K./EifE[Y[{xp,yp)]) = (-1)^+^^.--^^^ 

p<oo 

by JSSl) for any np<oo(2^P' ^ np<oo^(^p)- % Corollary [m one concludes 
X(Z) 7^ ^ ^ gj EE 1 mod 2 

PjSDa 

and the proof is complete. □ 



4. Examples with real quadratic splitting fields 

Gauss' method can not be applied to integral representations of indefinite binary 
quadratic quadratic forms in general either because the norms of the elements of real 
quadratic fields are not always positive and one can not decide the sign effectively. The 
typical example is to determine exactly when the negative Pell equation ~dy^ = — 1 
is solvable over Z for a positive integer d. 

In order to apply the method in ^ for example, to determine all integers repre- 
sented by x^~dy^ for a positive integer d explicitly, one can take the order L = Z-|-Z\/d 
inside E = Q(v^) and needs to determine the abelian extension of E corresponding 
to an L-admissible subgroup of explicitly. There is no general theory for obtaining 
such abelian extensions for real quadratic fields but ad hoc method. We will keep the 
same notation as that in 321 
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With some extra conditions, one still has the analogues result as Proposition 13.11 
for real quadratic fields. 

Proposition 4.1. Let X he the scheme defined by — dy^ — n for some integer 
n and Kj^ be the ring class field corresponding to the order L. Suppose one of the 
following conditions holds: 

(1) The equation — dy^ = — 1 has an integer solution. 

(2) The equation — dy^ = — 1 has no local integral solutions at a prime. 
Then X(Z) if and only if there is 

W {xp,yp) e Jl X(Zp) such that iPkl/eUeI ]^ i^p^Vp)]) = ^ 

p<oo p<.oo p<oo 

where iPkl/e the Artin map and 

{xp + ypVd, Xp — ypVd) if p splits in E/Q 
Xp + ypVd otherwise. 

Proof. It follows from the similar argument as that in Proposition 13. II □ 

When d is a prime, the condition (1) or (2) in Proposition 14. 1 1 will be satisfied. For 
d = 21 with a prime I, the condition (2) in Proposition 14. II holds at prime 2 if Z = 3 
mod 4 and the condition (1) in Proposition 14.11 holds if Z = 5 mod 8 by [4]. Such 
cases can also be treated by using the Gauss' method. 

However the Gauss' method only uses the ring class fields to detect which ideals 
are principal. Now we consider the case beyond the Gauss' method. Let I be a prime 
with I = 1 mod 8. We will see that the ring class field of the order L is sometimes 
not enough for solving the equation — 2ly^ = n over Z. Fix an integral solution 
{xQ^yo, zq) of the equation — 2ly^ — 2z^ such that xq > and (xQ^yo, zq) = 1 by 



fE[{xp,yp)] 



the Hasse principle. Let 9 — E{y xq — yoV2l). Then Q is totally real and Q/E is 
unramified over all primes except the prime above 2 and 2 is totally ramified in 9/Q. 
This O will play role for solving the equation x^ — 2ly'^ = n over Z. 

Lemma 4.2. Let I be a prime with I = 1 mod 8 satisfying 21 = r^ + for two 

integers r and s with s = ±3 mod 8. If X2 and y2 in (Q2 satisfy x"^ — 2^j/| — —1, then 
the Hilbert symbol 

{x2 + y2V2i,xo - yoV2i)v = -1 
where v is the unique prime in E above 2 and {xo,yo) is given as above. 

Proof. For any ^ e E^ with A^l„/Q2(0 = 1j there exists /? G E^ such that ^ = 
a{(3)l3~^ by Hilbert 90, where a is the non-trivial element in Gal{Ey/Q2)- Then 

i^,xo-yoV2i), = {a{l3)r\xa~yaV2i), 

= {NEjqM^^o-yoVYl), = (Af£^/Q,(/3),2)2 

by (1.5.3) Proposition and (7.1.4) Corollary in [TT]. Since I = 1 mod 8 and Ey = 
Q2{V2l), one has 

itxo-yoV2l), = (iVs„/Q.(/3),2)2 = (iV£„/Q,(/3), 2O2 = 1- 

Therefore 



{x2 + 2/2V2/,xo - yav2i)v = {{r - V2i)s~^,xo - yav2i)v 
= (r - V2I, xo - yoVTl)^ {s,xa- yaV2i)v 
= (r - V2i, Xo - yoV2i)v{s, 2^0)2 = -(r - V2i, xq - yoV2i)i 



22 



DASHENG WEI^ AND FBI XU^'^ 



By the Hilbert reciprocity law, one has 

(r - V2i,xo - yoV2i)y = - V2i,xo - yoV2i)^. 

Since 

{r-V2i){r + VTl)^-s'^ and (xo - ?;o\/2l)(a;o + yo\/2/) = 

with (r, s) = 1 and (xq, i/q, zq) — 1 respectively, one has 

orrfp(r — V2i) = ordfi{xQ — yoV2i) = mod 2 

for p ^ V and p < ooe- Since xq ~ yoV^ > over p e oos, one obtains that 

{r-V2i,xa-yaV2i)p = 1 

for all p ^ V. One concludes that {x2 + y2\/2l, a^o — yoV2l)y = —1. □ 

The following result was first proved in [5 by using the continued fractional method 
and was reproved in [14' by using the reciprocity law in a quite complicated way. So 
the Brauer-Manin obstruction was already indicated in |14j. 

Corollary 4.3. [Epstein - Redei] If I is a prime with I = 1 mod 8 satisfying 21 = 
+ for two integers r and s with s = ±3 mod 8, then the equation x^ — 2ly^ = — 1 
is not solvable over Z. 

Proof. Let X be the scheme defined by x"^ — 2ly'^ = — 1. Then 

i^e/EifEi Y[ ixp,yp)]) = {x2 + y2V2i,xo - yoV2/)^. = -1 

p<oo 

for any np<oo(^P' Vp) ^ np<oo ^(^p) by Lemma [4?2l The result follows from Remark 
[2IT1 and Remark [2211 " □ 



By using Lemma 14.21 we obtain the following result. 



Proposition 4.4. Let I be a prime as in Lemma \4-2\ and X be the scheme defined by 
x"^ — 2ly^ — n for some integer n over Z. Then X(Z) ^ 9 if and only if there is 

l[{^P,yp) e n ^(^f) 

p<oo p<oo 

such that 

i^H/E{fE['[[{xp,yp)]) ^ I and i^0/E{fE['[[{xp,yp)]) = I 

p<oo p<oo 

where H is the Hilbert class field of E , O is the quadratic extension of E defined as 
above, both 4'h/e '^i^d iJjq/e o.'"'^ Artin maps and 

fE[{xp,yp)] = 



(xp + yp\/2l, Xp — yp\'2l) if p splits in 
Xp + ypV2l otherwise. 



Proof. Let L = Z + TL\/2l be the maximal order of E. For any prime p, Ep = E ®q Qp 
and Lp is the p-adic completion of L inside Ep. Write Eoo = Loo = K- 

Let V be the unique prime of E above 2. By the computation in Lemma |4.2| one 
has {i,XQ — yoV2l)v = 1 for any ^ e E^ with Af_E„/Q2(C) — 1- This implies that 

Ab(50(L2)) C7Ve,,/B„(e^) 
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where 2J is the unique prime of Q above v. Since Q/E is unramified over aU primes 
except V, one concludes that Xe{SOa{L)) C NQfE(^e) where le is the idele group of 
Q. Therefore the natural group homomorphism 

Xe ■■ SOa{V)/SO{V)SOa{L) [lE/{E''Ne/E{Ie))] x [Ie/{E'' ^p)] 

p<~oo 

is well-defined. 

Let u £ kerXE- Then there are a € and i G np<oo with Xe(u) — ai. 
Therefore 

NE/q{a) = NE/q{t)-^ e Qn ( [] L^) = {±1}. 

p<oo 

Suppose NE/Q{a) ^ 1. Then NE/aia) = NE/q{i) = -1. Write i = {ip)p e I^;. 
Since Q/E is unramified over all primes of E except v, one has V'e/-E(*p) is trivial 
for all primes p 7^ w, where ip is regarded as an idele whose p-component is ip and 1 
otherwise. Since NE/qiiv) = ^E^/q^i'^v) = ^1, one gets 

ipe/E{ai) = i/je/Eii) = i^e/siiv) = -1 

by Lemma [321 This contradicts to u € kerXE- 

Therefore NE/Q{a) = NE/qii) = 1. This implies that a e SO{V) and i e SOa{L). 
One concludes that Ab is injective. The result follows from Corollarv 12.201 □ 

Finally we will use Proposition 14.41 to give an explicit example. For any integer n, 
one can write n = (— l)*"2''i IT^^pi^^^ • • -Pg*^" and D{n) — {pi, ■ ■ ■ ,Pg}. Decompose 
D{n) into the disjoint union of the following subsets 

2 17 M 

Di = {peD{n): (-) ^ (_) ^ -1} and D2 = {p & D{n) : {-) = -!} 
p p p 

2 17 

D3 ^ {p e D{n) : (-) = ( — ) = 1 and x"* - 12x^ + 2 = mod p is solvable} 
p p 

2 17 

Di = {p e D{n) : (-) = ( — ) = 1 and x'* — 12a;^ + 2 = mod p is not solvable}. 
p p 

Let 

"i-(-i)^'' n ^- 

p^eD(n)\D2 

Example 4.5. Let n be an integer with the above notation. Then the equation 

is solvable over TL if and only if 

(1) ni = ±1 mod 8, (f^) = 1 and [f-) = 1 for odd ei 

(2) Di ^ 0; or 



J2 ^» 



§2 mod 2 if ni = 1,-9 mod 16 

S2 + 1 mod 2 if ni = —1,9 mod 16 



forDi 



Proof. Let X be the scheme over Z defined by the equation. By a simple computation, 
one has the condition (1) is equivalent to np<oo ^(^p) 7^ ^■ 

Since 34 = 5^ + 3^, Proposition |4]4] can be applied. Moreover the Hilbert class field 
H oi E = Q(V34) is Q(%/2, %/T7). Since the equation - My'^ = 2 has an integral 
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solution for a; = 6 and y = I, one can choose 6 = 6 — a/sI)- For simplicity, we 
will denote both Gal{@/E) and Gal{H/E) as /X2 = {±1}. 
Define 

{xp + ypy/34, Xp — yp-\/34) if P splits in E/Q^ 
Xp + yp-\/34 otherwise 



fE[{xp,yp)] 



for any {xp,yp) € X(Zp) 
Then 



^i'H/£(/E[(a;p,yp)]) 



(-1)^ 



otherwise. 







Since ni = ±1 mod 8 by the local condition (1), one always has Xlp^eDi ^» 
mod 2. This implies that 

■4'H/EifEl n ixp'Vp)]) = 1 foi' any JJ (a;p,yp) e JJ X(Zp). 

p<oc p<oo p<oo 

Next we compute tpQ/s- Let p be a prime which splits into and over 

If (|) = —1, then one of and ^2 splits in @/E and the other is inert in Q/E. 

If (|) = 1 and a;* - 12x^ + 2 = mod p is solvable, then both qji and ^2 split in 

e/E. 

If (|) = 1 and x^ — 12x^ + 2 = mod p is not solvable, then both *Pi and ^2 are 
inert in Q/E. 

For any {xp,yp) e X(Zp), one has 



i^e/EUE[{xp,yp)\) 



1 

(_l)a. 



if (p, 34n) = 1 or p e -D3 
if 39 = 17 
if p e Di 

if p e r>2 
if p e r>4 



where ai = ord<:p.{xp. + j/p. v34) and *Pi is the prime of E above pi € Di which is 
inert in Q/E. For pj G D2, one has Cj = mod 2 by the local condition (1). 

When Di ^ 0, there are two local solutions {xp.,yp.) e X(ZpJ such that Oj = 
and 1 respectively for any pi e I?i by the Hensel's Lemma. This implies that there is 
Up<ooi^P,yp) e np<oo^(^p) such that 

tpe/EiMYl (xp,yp)]) = 1- 

p<oo 

When Di — 0, one needs further to compute i^e/E{fE[{x2,y2)])- Since there is 
6 gZ^ with 

±1 mod 8 if ni = ±1 mod 16 
±3 mod 8 if m = ±9 mod 16 
such that 

'iT^^m if m = 1, 9 mod 16 
-IT^m ifni = -l, -9 mod 16 
by the Hensel's lemma, one has 

if ni = 1, 9 mod 16 



5 = 



6' = 



PieD2 



if ni 



-9 mod 16 
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where v is the unique prime of E above 2 and (3 — 6 — v34. For any (0:2, 1/2) G X(Z2) 
one has 

*e,.(/.[fe.»)l) = |<''-'*n„.„.P?':.ffl. .tn, . 1. i. mod 16 

l-V'^n,„eD,P, ,n„ itn, s-l, -9 mod 16 
by the computation in Lemma 14.21 Since 

= (/3,-l)r('5 n P?",2)2 = (2,-1)^^(5 n P?".2)2 

pek^' l-np,.i5.(^)^^' ifni^±9 mod 16, 



one concludes that 

1pe/E{fE[{x2,y2)]) = 



Up^^D.ij-f^'' ifni^l, -9 mod 16 

-Up^eD^§-)^'- ifm^-l, 9 mod 16 
for any (a;2,2;2) e X(Z2). By Proposition SH X(Z) 7^ if and only if 

n f-m n f-)^- = /^"^^"np,eD2(f)^" ifrH^l,-9 modl6 
pAk pii^» l(-l)^^+^np.eD2(f)^^' ifni^-1,9 modl6. 

The proof is complete. □ 



5. Higher dimensional multi-norm tori 

In this section, we extend the explicit construction in to the higher dimensional 
multi-norm tori and the more general integral model X. 
Let El, - ■ ■ , En be the finite extensions of F and 

be a group homomorphism which represents 

n 

{Ei(E)fA)'' X •••X {Er,(g)FA)'' ^ A^; (xi, . . . ,Xn) ^Y[NEJF{x^) 

i=l 

for any i^-algebra A. Let G — Kcr(y5 and X be a separated i?-scheme of finite type 
such that the generic fiber Xp of X is a trivial torsor over F under G. 
Since any element x € G{A) is represented by 

n n 

{x\ , . . . , Xn ) G W{E,®AY^ with \{Ne^/f{x,)^1 

i=l i=l 

for any i<"-algebra A, one can define 

n 

\e„...,e^)- G{A)^\l{E,®Ar- 

i=l 
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Definition 5.1. An open subgroup S o/J^^^j^Is^ is called H-- admissible if 

XiE,,...^E,,)[StabA{X)]^E 

and the induced map 

n n 

\e„...a) ■■ G{AF)/G{F)Stabj,{X) ^ ) • S 

i=l 2=1 

is injective, where Stabii^{lCj is defined as Definition \l.S\ 

First we need to extend Lemma l2.12l to the higher dimensional cases. 

Lemma 5.2. If Cp is an open subgroup of G{Fp) and k is a positive integer, then 

\(E,.....,E,,){C,)-{{a,...,a) : a e {F^f} 

is an open subgroup ofY^i^^ Ei^ for p-adic topology with p < oop. 

Proof. Since Cp is an open subgroup of G{Fp), there are positive integers ai, . . . , a„ 
such that 

n 

[n(l + P"-Oi=;.J]nA(s,,...,s„)(G(Fp))CA(i,„...^i,„)(Cp). 
By Hensel's lemma, there is a sufficiently large positive integer bi > Oi such that 

(l + p''-0£;.JC(l + p"'Oi,.J»= 

where I = 'Y^^=i h and k — [Ei : F] for all f < i < n. 
If 

n 

n 

(a;.)r=i - (yf )r=i with {yi)?=^eY[ii + p'"0E.,). 

n 11 
Z^l z^l 

n 

{\yf(^^E.|F{V^))-^\)'i=^ e A(^,....,£;„)(Cp), 



then 



Since 



and 



one concludes that 

n 

11(1 + p^-Oi,, J C \E,_E^-)(Cp) ■ {(a, . . . , a) : a e {F^ f} 

i=\ 

and the proof is complete. □ 

Now we can prove the existence of the admissible subgroups for X. 
Theorem 5.3. The X- admissible subgroups o/J^^^-^Ig. always exist. 
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Proof. Since Xp is a trivial torsor over F under G, there is a finite subset 5*0 C 
{flp \ oop) and a model G of G over Os„ such that Xg^ is a trivial torsor over OSq 
under G, where OSq is the S'o-integers of F and Xg^ —ILXop Osg- This implies that 

n n 

X^E,,...,E^)[Stab{X{op^))] = kerillNEjF : H^^.p^ "^J 

i=l i=l 

for every p ^ Sq. 

Let Z = X)r=i with = [Ei : F] for all 1 < i < n. For each p e S'o and a prime 
divisor q of I, one defines ip((7) to be the maximal positive integer t such that the 
primitive g*-th roots of unity are in Fp . Let 

tp — ma,x{tp(q) : the prime divisor q of 1} and r = (ip + 1). 

peSo 

Let Tq be a finite subset of fij? outside oop such that Lemma B.13l holds for k ~ 
Put 5 = 5*0 U To and 

71 

S = [H A(i,„...,i,„)(5to5(X(o;^J)) • Hp] X ([] n 

pes i=ip^s 

where Hp = {{a, . . . ,a) : a G (Fp)'^'' ''^} and hp is the class number of F. By Lemma 
15. 2i one has that S is an open subgroup of Y[7=i and 

A(_Ei,...,E„)[5'ia6A(X)] C S. 

Suppose a £ G{Ap) with A(£;j £;„)(o') — a* where 

n 

a = (a»)r=i e J]^ and i e S. 

1=1 

Then 

n 



i=i pes p^s 



By Lemma [2.13[ there is u G F^ such that YT^^i ^Ei/pi'^i) = v!'^*^ ■ This implies 
that 

(aiu"'',...,a„it"'') G A(£;,,...,£;„)(G(i^)). 
Write i = (ip)peOF and ip = Sp • (np, . . . , np) with 

sp e A(£,, ...,£„) (5fa5(X(0Fj) and 7ip G (i^p'^f 

for p G 5. Therefore u'"^Vp = 1 for p G S". 

If p G 5*0, one has that u' rip = 1 by the maximality of tp. 
If p G S* \ 5*0 , one has 

n n 

v}\np,...,np) G ker{WNE^/p : H^^.p—^ "n)- 

i=l i=l 

Therefore one concludes that 

e A(£;^^...,E„)[S'ia6A(X)] and fj G G(F)S'ta6A(X) 
and the proof is complete. □ 
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Since Xp{F) ^ 0, one can fix a rational point P E Xp{F) to induce the isomor- 
phism Xp = G. Since X is separated over Op, the natural morphism 

n MoF,)^xp{Kp) 

is injective. Combining with \(Ei,...,En)j o^^s can define 

n 

f(E„...,E^) ■■ n ^("n) ^ Xp{kp) ^ G{kp) ^X{Ie^. 

peOp i=i 

One can extend Theorem l2.16l to the higher dimensional multi-norm tori and the more 
general integral model. 

Theorem 5.4. LefE, be an li.- admissible subgroup of YY^^i^Ei- Then 

n 

X(oi.)^0 tfandonlytf f^E^_Ejl[X{op^)]n[{[[E^)-E]^(!). 

PGOf 1=1 

Proof. It follows from the same argument as those in Theorem 12. 161 □ 

If S is an X-admissible subgroup of Y[i=i ^Ei, there is an open subgroup of I^. 
for each 1 < i < n such that n"=i "^i — class field theory, there is a finite 

abelian extension K^./Ei such that the Artin map 

^Kh./b. : ^eJE^E, ^ Gal{K^jEi) (5.5) 

gives the isomorphism for 1 < i < n. Projecting the image of f[Ei,...,E„) to I_Ei, one 
can define 

n 

/s. : YIx{op^)^Y[Ie,^Ie. 
pef^F i=i 

for 1 < i < n. 

Corollary 5.6. With the notation as above, X(oi?) ^ ^ if and only if there is 
XA & Yl ^(°Fp) such that Vkh^Z-E. (/^i (a;^)) = 1 

PGOf 

in Gal{Ks./ Ei) for all \ < i < n. 

Proof. Since ip / Ei{f Ei{x a)) — \ ior \ < i < n, one has 

n n n 

fE..,...,EA^A) e ([[En ■ (H^o c ([[En ■ s. 

2=1 2=1 2 = 1 

Then the result follows from the same argument as those in Theorem 12. 161 □ 

Instead of interpreting Theorem l5.4l in terms of the Brauer-Manin obstruction, we 
will provide an explicit example to explain our previous construction by modifying 
Proposition 14.41 

Fix an integral solution {xq, yo, zq) of the equation x^ — 2ly^ = 2z^ for I = 1 mod 8 
such that Xq > and {xq, yo, zq) — 1. Let 

L = QiVTl) and 9 = L{^J xq - yoVTl). 

Then 9 is totally real and 9/iy is unramified over all primes except the prime above 
2 and 2 is totally ramified in 9/Q. 
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Proposition 5.7. Let I be a prime with I = 1 mod 8 satisfying 21 = r"^ + s^ for two 

integers r and s with s = ±3 mod 8 and O and L be as above. Suppose E is a field 
containing L and X is the scheme over Z defined by the equation 

f{xi, ...,Xk)^ NE/q{xiei H h x^ek) = n 

where {ei , . . . , 6^} is a basis of Oe over Z and n is an integer. Then X(Z) ^ ^ if and 
only if Xqiff) ^ and there is 

[xip, xkp) e Yi X(Zp) 

p<oo p<oo 

such that both 

^h/e[ Y[ (^ip^i H h XkpCk)] and ipe/L[ Y[ {^E/hixipCi H h Xkpek))] 

p<OG p<00 

are trivial, where H is the Hilbert class field of E and both ipu/E ips/L OL^e the 
Artin maps. 

Proof. Since G — i?^^Q(Gm), one has 

Stabi^Oq = {{xp) e n • ^E/aiixp)) = 1 e Iq}. 

p<oo 

By the computation in Lemma l4.2i one has xq — yoV2l)y — 1 for any ^ G L'^ with 
-^i^ 702(0 = 1 where v is the miique prime of L above 2. This imphes that 

NE/L{Stab{X{Z2)) C 7Ve,^/L„(0m) 

where 23 is the unique prime of above v. Since Q/L is unramified over all primes 
except V, one concludes that 

7V£/i(5ta6A(X)) CiVe/L(Ie) 
where le is the idele group of O. Then the group homomorphism 

fE ■■ G{AQ)/G{Q)Stab^{X) [U/iL^Ns/Lile))] x [Ie/{E>^ [] 

p<oo 

{Xp)p<oo ^ {Ne/l{Xp), iXp))p<oo 

is well-defined. By Lemma and the same argument in Proposition l4.4[ one obtains 
that /e is injective and the result follows. □ 

For any integer n, one can write 

n= (-l)^«2^il7>i^i---p/« and Din) ^ {pi, ■ ■ ■ ,pg}. 
Decompose D{n) into the disjoint union of the following subsets 

2 17 M 

Di = {peD{n): (-) = (^) = -1} and D2 = {p E D{n) : (-) = -1} 
p p p 

2 17 

D3 = {pe D{n) : (-) = ( — ) = 1 and - 12x'^ + 2 = mod p is solvable} 
p p 

2 17 

D4 = {p e D{n) : (-) = ( — ) = 1 and x'^ - I2x^ + 2 = mod p is not solvable}. 
p p 

Let 

n,^{-ir n p^- 

PieD(n)\D2 

One can have one more explicit example. 
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Example 5.8. Let n be an integer with the above notation and E = Q(\/5, \/34)- 
Then n G Ne/q{oe) if and only if 

(1) si = S2 = mod 2, ni = ±1 mod 8, (fi) = 1 and (A) ^ i for odd 

(2) Di ^ 0; or 



mod 2 if n\ = 1, —9 mod 16 

1 mod 2 if ni = — 1,9 mod 16 



J2 

for Di = 0. 

Proof. We apply Proposition 15.71 by taking 

E = Q(%/5, %/34), L = Q(%/34) and 6 = L(^6- Vsi). 

The Hilbert class field of E is E{V2). 

The local condition n G Ne/q{oEp) for all primes p < cx) is equivalent to the 
condition (1). Since Gal{E/Q) ~ Gal{Ey/Q2), one concludes that n e Ne/qIE'^) by 
Theorem 6.11 in P], 

If (a;p)p<oo is the local solution with Xp £ and NE/qixp) — n for all p < oo, 
one can verify that 4'h/e{{^p)p<co) ~ 1- The computation of 

ij0/L[{NE/L{Xp))p<oo] 

is the same as that in Example 14.51 □ 
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